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1. Introduction 

The existence problem of the magnetic monopole has fastinated physicists 
since Dirac's classic work [||] before fifty years ago. In 1974, 't Hooft f^ 
and Polyakov 1^] proposed a model for a magnetic monople which arises as 
a static solution of the classical equations for the SU{2) Yang-Mills field 
coupled to an SU{2) Higgs field. The model has been extended by Julia and 
Zee [0, and Cho and Maison [^. In this paper, we discuss the existence 
and asymptotics for the solution of 't Hooft-Polyakov monopole. Prasad 
and Sommerfield found exact solutions of the field equation for a special 
case (A = 0). But so far to our knowledge the boundary value problem for 
the equation of motion with A > was just studied numerically. And the 
existence of the 't Hooft-Polyakov monopole is just convinced by numerical 
computations. In this paper we give a mathematical proof for the existence 
of the 't Hooft-Polyakov magnetic monopole. 

The Lagrangian of the 't Hooft-Polyakov model is 

£ = -\f;,f;^ - \d,cI>,d,cI>, + \^^^a(t>a - \K^a^a)\ (i) 

where 

F;, = d,Al - d^Al + eea,AlAl, (2) 

D^l<Pa = d^cpa + eeabcA^f,<Pc- (3) 

The Wu-Yanglil-'t Hooft-Polyakov Ansatz is to seek a solution of the equa- 
tions of motion (which can be derived from the Lagrangian,see for example 
1611) in the form 

ir(r)), (4) 

(5) 
(6) 

where K{r),H{r) satisfy the equations 

r^K" = K{K^ + H^-1), (7) 

r^H" = 2HK^ + ^{H' - e^pyH), (8) 



A" 




Ao" 


= 0, 


4>a = 





(12) 



where po = /u/V^- Let's put 

e = go,K{r) = f{r),H{r)= gorp{r), (9) 

then the equations (^, (H) reduce to 

/" - ^/ = gyf, (10) 

/^ +-P-— /' = ^(/^ -/^o)P, (11) 

with the boundary conditions 

/(O) = 1, p(0) = 0, 
/(oo) = 0, p(oo) = po- 

Because the exact solution was aheady found for A = 0, we just discuss 
the problem for A > in this paper. To solve this boundary value problem, 
we consider the asymptotics as r —>■ 0, 

f{r) ~ 1 - ar\ (13) 

p(r) ~ Pr, (14) 

where a,P > 0. We are going to use topological 2D-shooting method P, 
to prove that there exist such a, (3 such that the corresponding /, p satisfy 
/(oo) = 0,p(cxd) = po-That is we want to prove the following theorem in this 
paper. 

Theorem 1 For \ > 0, po > 0,go > 0, there is a solution {f,p) to equations 
(f/^j, ( fiil j satisfying the boundary conditions i^T^), and 



0</<l, 0<p<po, (15) 

/' < 0, p > 0, (16) 

for < r < oo. 

The plan of this paper is as follows. In sec. 2, we consider the asymp- 
totic behaviour of the solution to the eqs. ([T0|), ([TTp.Then we discuss the 



behaviours of /(r) as a small or large for /3 in a finite interval. We show that 
/' cross when a small in sec. 3, and / cross when a large in sec. 4. In 
sec. 5 we talk about the possibilities of the behaviours for p when / stays 
between and 1. While / stays between and 1, we show that when /3 is 
small p crosses in sec. 6, and as (3 large p crosses po in sec. 7. Finally by 
the topological lemma (McLeod and Serrin pj) we show that the solution to 
the boundary value problem ([lOD , ( p!TD and (|T^) exists. 



2. Asymptotics of Solution at the Origin 

Lemma 1 For any a, (3, there is a unique solution {f,p) to the equations 



(\1Q),^T1\) , such that 



f ~ l-ar^ (1) 

P ~ Pr, (2) 

as r -^ 0. 

Proof Set 

s = logr, /(r) = 1 + p{s),p{r) = q{s). (3) 

Then eqs. (p!0|),(pn]) are reduced to 

p" -p -2p = 3p'^ + p^ + gle^'q^p, (4) 

g" + q -2q = 2{2p + p')q + Xe^^q' - pl)q, (5) 

which is at least formally equivalent to the integral equations 

p(s) = -ae^' + \ r (e'^'-'^^ - e'^'~''^)i3p^ + p^ + g^q^p) da, (6) 

O J — OQ 

q[s)=Pe' + -r {e'-" -e-^^'-''^){2{2p + p^)q + Xe^''{q^ - p^)q)da. (7) 

Z J—oo 

Let 

p = e^''0, q = e^ij). 

The eqs. (^ and (0) become 

O J — OQ 

^ = P+\ r ie'- - e-3^+^-)(2(20 + e^^^)^^ + Ale^^^ - p'M da, (9) 
which can be solved by iteration by setting 

(j)o = -a,^o = P, 

0„+i(s) = -a + \r {e^^ - e~'^+'ni^^l + e'>^, + gy^^^n) da, 

O J~oo 



for n > 0. 

We choose constant numbers K, S by 



where 



K = max(2|a|,2|/3|,3), (10) 

3^^ = max(Mi,M2,M3,M4), (11) 



M4 = 4K + 3(1 + g?,)K\ 



We claim that for s G (— cxd, —S], there are 



I0n|,|^n| < K, (12) 

I0n+i-0„| < ^e'\ (13) 

l^n+1-^nl < ^;^e'\ (14) 
for n > 0, where 

M = max{4K^ + X{K^ + pl)K, (2 + gl)K^). (15) 



00 

n=0 



This can be proved by induction. We skip the details here. Hence {(0„, ipn)} 
is convergent. The uniqueness is similar. 

3. The Solutions for Small a 

Lemma 2 For any (32> I3i> 0, when (3 G [/3i,/32], there exists ai > 0, such 
that if a E (0,«i], there is r~ > 0, so that 

f\n > 0, (1) 

/(r) > 0, for < r < r". (2) 



Proof We make a scaling 

t = ^, fir) = 1 + a'pit), p(r) = v^g(t). (3) 



Then the equations become 



/ - ^^±^(1 + a'p) = glq\l + a^p), (4) 



with the asymptotics at the origin 



Pit) ~ -t\ (6) 

g(t) ~ (3t, (7) 

as t ^ 0. 

Letting a = 0, the problem is reduced to 

P(t)~-t2,g(t)~/3t,t^0, (8) 

P"-^-^ = 9lQ\ (9) 

Q" + ^Q' - |q = 0. (10) 

There is a unique solution for this problem. It's not difficult to see that the 
solution is 

(11) 

(12) 









Pit) - 


= -t' 


+ 10 ^ 








Qit) - 


= /5t, 




and then 






p'it) = 


2t( l + ^o'^'t^ 




For/5e 


[A 


,/52], 


choose small 


e- >0 


, and 








to 




+ e", 



(13) 



<"' 



such that 

P'(to) > 0, (15) 

|P(t)| < to' + ^to\0<t<to. (16) 

Now for the solution p, q to the equations (||) , (H) with the conditions (^ and 
(|^), since p,p ,q are contineous in r, a, /3, by uniform continuity in compact 
set, there exists ai > satisfying 



2"! < (^0 + ^TT^o 



2 J.4^-l 
lO" 



such that if a G (0, ai], /5 G [/?i, /52], 

p'(to) > 0, (17) 

|p(t)| < 2L' + ^to'Vo<t<to, (18) 

which imphes that for a G (0, ai] 

/(r-) = a3/V(^)>0, 
/(r) > l-o?\p{t)\ 

> l-2al(^to' + ^-^to'^>0, 0<r<r^ 

where r~ = i/a^- So the lemma is proved. 

4. The Solutions for Large a 

Lemma 3 For any [32> (3i> 0, when [3 G [/5i,/52], there is a large 0:2 > 0, 
such that if a & [02, 00), there exists r"*" > 0, so that 

f{r+) < 0, (1) 

/'(r) < 0,0 <r<r+. (2) 

Proof We make another scaling 

t = V^r,f{r) = l-m,pir) = 0(t). (3) 
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Then the equations become 

v-"- ^''^-tf-^'' ^^.y(i-v-), (4) 

•f + \<t-' - ?^i^0 = iA(,^= - pI))4,, (5) 

with the asymptotics as t ^ 

0(t) ~ -^I3t. 
'a 



Then as a — *> oo, — > uniformlly on compact intervals in t, while if) 
tends, also uniformlly on compact intervls in t, to the solution \E' of 

^„^^l-M/)(2-vl/) 



t2 

To get the behaviour of \E', we make a transformation 

s = logt. 

Then the equation is reduced to 

^ss = ^s + 2^ - 3^^ + ^^ -oo < s < oo, 
^(s) ~ e^^s ^ -oo. 

Multiplying this equation hjd'^/ds and integrating, we arrive at 



This makes clear that d^ /ds does not vanish and ^ becomes unbounded and 
certainly crosses 1, while d^ /ds keeps positive at least before the crossing. 

By the same argument as in lemma 1, we see that for (3 G [/5i,/52], there 
is 0:2 > 0, such that if a > 0:25 there exists r+ = r^{a), so that the lemma 
holds. 



5. Argument for a ^ Sp U Sp 

For any (3 > 0, define 

S^ = {a > 0\f' cross before/ crossO}, 
S^ = {a > 0|/ cross before/' crossO}. 

By Lemma 2,3, Sj^ and S'^ are not empty and disjoint. By implicit function 
theorem, it's not hard to prove that S^ , S'j^ are open sets, so that (0, oo) \ 
{Sj^ U Sp) is not empty and closed set. For a G (0, oo) \ {S^ U 5^), we simply 
denote it as a ^ (S*^ U S'j^). By eq. (|T0]) we see that if / = 0, /' = at the 
same time, then the / is identically zero, which is impossible. So we have 
proved the following lemma. 

Lemma 4 If a ^ {S^ U S^), then 

0</<l,/'<0, 
for < r < oo. 

Lemma 5 For (3 > 0,a ^ S^ U S^ , there are three possibilities for p, 

(A) p' cross at some point r = tq, while < p < po, for < r < vq. 

(B) p cross Po- 

(C) < p < Po, p' >0, for <r < oo ,and 

p{oo) = Po, (1) 

/(oo) = 0. (2) 

Proof Because p'{0) = j3 > 0, ii p does not cross po (case (B)) , then either 
p' crosses at some point r = tq, while < p < po, for < r < ro(case(A)) 
, or p' > 0, < p < po) for < r < oo(case(C)) . There is no possibility 
that when p does not cross po, p = po at some point. In fact, if p = po and 
p = at the same time, then by eq. (|TT|) we have p > at this point, since 
P > 0,a ^ S^ U Sp. Then p crosses po, which is a contradiction. 
For case (C), we have 

/(O) = 1, < / < 1, /' < 0, /'(oo) = 0, /(oo) = a, (3) 

p(0) = 0, < p < Po, p' > 0, p'(oo) = 0, p(oo) = b, (4) 

8 



for some a G [0, l),b G {0,po], where the second and third parts of (^), (^ 
are for < r < oo. We want to show a = 0,b = pq. 

Suppose b < Pq. Choose ri > 0, so that 6/2 < p, for ri < r < oo . By 
eq. (pA|) , there is 

(rV)' = p + Xr^ {p"" - pI) p 
< b_Xr'(pl-b'' ^ 



for ri < r < oo. Integrting from ri to r, and dividing r^ both sides, finally 
we get 



Pir) < pir,)^,{l-^:)-'^{,l-,^)(r-'I 



-oo, as r -^ oo. 



This is a contradiction. So 6 = po- 

Now suppose a > 0. Choose r2 > so that 

r2 - 8 ' 
P > Po/2, 

for r2 < r < oo. Then we have from eq. ( ]T0| ) 

- •^'^ ^2 4 • 

> f^ 
_ / g 



Integrating from r2 to r, we get 



/ (^) > J (^2) H 3 — (?" — ^2) ^ 00, as r ^ 00. 



This is a contradictin. So a = 0. So the lemma is proved. 



6. The Solutions for Small p 

We make a transformation 

t = y/Xpor,f{r)=p{t),p{r) = (3q{t). (1) 

Then the equation and the asymptotics become 

r)2 _ 1 

P ^P = P QiQ P, (2) 

ip) / + f^' + (l-|^k = 5^^ (3) 

a t 

pit) ~ 1 - —^t\ q{t) ~ -j^, as t ^ 0, (4) 

where (71 = Apg, and we will consider a > 0,/? > 0. The difference between 
this system and the system (|TD|), (|n|) and (|T^ is only for the case /3 = 0, 
because when /3 7^ these two systems are equivalent. But for /3 = we 
can show by the same method that this problem has unique solution. For 
/? = 0, a > 0, by the same argument as in the proof of Lemma 3, we see that 
p cross 0. And for /5 = 0, a = 0, there is p = 1. 

Let's choose /3 > 0. By Lemma 3 for /3 G [0,/3] there is a > 0, such that 
for any a > a, we have a & S~p . Now let's define in the (a, /?) plane the sets 

D = [0,a]x[Oj], (5) 

D^ = {{a,P) G i5|p' cross before p cross 0}, (6) 

D^ = {{a,P) G D|pcross before p' cross 0}, (7) 

/ = {0}x(0,^], (8) 

Do = D\{lUD-UD+). (9) 

We have that D^,D^ are open in D, not empty and disjoint. By Lemma 
2, we see that / U D^ is open in D, so Dq is compact. Note that for any 
/3 G [0,/3], there is Dq n ([0,a] x {/?}) 7^ 0. And for /3 = 0, only (0,0) G Do- 
Also let's set 

B = {p\{p,q) is a solution to (P) for (a,/5) G Dq }. (10) 

We see that for any p G B, the properties in (|]), (0) are not satisfied, and 
p, p' can not vanish at the same time by uniqueness of the solution. So we 
get < p{t) < 1, for < t < 00, if p G B. 

10 



Now let's restrict (a,/3) in Dq. 

We have already seen that in Dq, the problem (P) has a unique solution 
(p, q) satisfying < p < 1, and by eq. (H) we see that q is bounded in any 
finite interval for /3 > O.And for jS = 0,a = 0, there are p = l,q is expressed 
by ^3/2 (^) ( see ( [121) for p = 1). Thus we get the following result. 



Lemma 6 For {a, (3) G Dq, the problem (P) has a unique solution and for 
any finite t > 0, q{t) is uniformly hounded for {t,a,P) G [0,t| x Dq, and 
0<p<l for (t, a, p) G [0, oo) x Dq. 

Next, we want to find two linearly independent solutions of the equation 

2 2n2 

g" + -Q' + (l-^)Q = 0. (11) 

Let 

Qit) = ^l/(t), 

which reduces the equation (0) to 

where z/ = 3/2. 

Consider the Bessel functions 



^3/2(t)=(-) (^-COSt), (13) 



/ 2 y/2 /sint 
J_3Mt) = -f:^W^ + sint). (14) 



ntj \ t 

Let to be the first positive zero of Jz/2(f)- Choose ti > to? so that ^3/2(0) = 
^3/2(to) = 0, J3/2(t) > 0, for t G (0,to), and J3/2(t) < 0, for t G (to,ti). 

Lemma 7 For each (a,/9) G Dq,p G B, there are two linearly indepen- 
dent solutions y^\t),y^\t) to the equation ( f?^ uniquely determined by the 
asymptotics 

yi'\t)r^Jy,{t)r^l[iy%'/\ (15) 

2/f (t) - J^sdcot) ~ - (^ly {cot)-'" , (16) 

11 



as t ^ 0, where 



L 4a 

C0 = Jl + T-f- 



There is singularity only for y^^ at the origin. 

Proof First of all we have the Wronskian 

2 



Define y^^ for < t < oo by the integral equation 

y^^\t) = J,/2{t) + nJ^,„{t) j\j„^{a)^^^^y^^\a)da 
- nJs/2{t) J\j^s/2{^)^^^^y^'\a)da. 

By iteration method one can show that y^\t) is uniquely defined without 
singularity. 

Now let's consider how to define y^\t).Bj eq. (6.2) it's not hard to see 
that 

p(t) = l-^t' + Oit'), 



as t ^ 0. Let 



S — Cot, 

y{t) = z{s) 



R{s) = Co 
By simple calculation we see that 



2 /4a _ 2{l -p^ty 
Wo t^ , 



R{s) = Ois'), 
as s — > 0. So now eq. (6.11) becomes 

/' + ^z'+(l-'^- R{s)\ z = 0. 



12 



Define z{s) by 

TV f^ 

z(s) = J_3/2(s) +-J-z/2{s) j aJz/2{(y)R{(y)z{(T)d(T 

"2 -^3/2(5) y crJ_3/2(a)i?(cr)z(cr)dcr, 
z{s) ~ J_3/2(s), as s ^ 0. 

Now let y^\t) = z{s), and then the lemma is done. 
So now 



forms a basis of eq. (|TT|) with the Wronskian 



where 



)(i) n(2) 



7 






(17) 



(18) 



Lemma 8 



and 



m = sup inf v„(t) < 0, 
pgBte[o,iirP 



mo = sup inf Q^J^Ht) < 0. 
peB<e[o,ti] ^ 



(19) 



(20) 



Proof Because J3/2(0) = = ^3/2(^0)5 and for any p G B,0 < p < 1, by 
Sturm comparison principle, there is a zero of y^\t) between and to- Since 
y^\t) is not a trival solution, by the uniqueness theorem, (2/^^'*(t))', {y'^p^t))" 
can be zero at the same time. Thus y^p\t) must cross in (0,ti) for any 
p G B, which implies 

,mf_,=/i"(0<0. (21) 

So m < 0. 

Suppose m = 0. Then there is a sequence {{a^"'\ P^"'^)}'^^^ C Dq, such 
that 

inf y^]l{t) ^0, 



13 



as n — > oo, where p^"-* = p{t, a^'^\ P^"^^). Because Dq is compact, without loss 
of generihty, assume 



[a 



(n) n{n) 



f3in))^^a\f3*)^Do, 



as n — * oo. By continuity, there is 

inf #(t) = 0, p*=p{t,a*,P*) 
ie[o,ti] 

This is a contradiction because (a*,/5*) G -Do, which imphes p* satisfies (pT]). 
Thus TTi < 0. And if mo > 0, then m > 0. So we also have rriQ < 0. 

Lemma 9 There is a small j3i > 0, such that for any (3 G (0,/5i], if a ^ 
S^ U Sp , then (A) is satisfied. 

Proo/ Suppose {p,q) is a solution to (0), (|]) and (0), then by the variation 
of parameter, q satisfies the integral equation 

q{t) = f,Q^^\t) + ^G(t),0 < t < ti, (22) 

7Po 

where 

^'\s'Q^^\s)q{sYds-Q(^\t)l^ 
and 

'^ PoV2A- 

By Lemma 6,7, we see that G{t) = 0{t^), as t — *> 0, and G is uniformly 
bounded in [0,ti] x Dq. Choose /?i < /3, so that if < /? < /3i, there is 



G(t) =gf (t) [ .2Q«(.)g(.)3ci.-Q«(t) [ .^Qf (.)g(.)3d., (23) 

3 nr 



^G(t) 
7Po 



Pl"^o| 



2 
which implies by (E^f) and by Lemma 8 



inf q{t) < inf ( fiQ^^\t) + 
t€[o,ti] te[o,ti] \ ^ 



Pl^ol \ fJ-rnp 



which means q crosses 0, since ^'(0) = 1. And then q' or p' cross 0. Choose 
smaller positive Pi < Pi, such that < p < po before p' crosses O.So the 
lemma is proved. 

14 



7. The Solutions for Large /3 

Lemma 10 There is a large 132 > 0, such that if a ^ S^ U S^ , then (B) is 
satisfied. 

Proof Recall the integral equation form we used in section 2, 

1 



« + TT / ie'" - e-'^^ni^r + e^>^ + ^o'e^>^0) da, (1) 



2 J —00 

where 

s = log r,/(r) = l + e2"0(s),p(r) =e'^{s). (3) 

Suppose there is a sequence {(a^"\ Z^*^"^)}^]^ C (0, 00) x (0, 00) with 
/3'-"^ — i> 00, as n — i> 00, and a*^"-' ^ S"^ U S"^, such that (B) is not satis- 
fied for each n. By Lemma 5 for each n, either (A) or (C) is satisfied. If (C) 
is satisfied, the theorem is proved. So we consider for each n, (A) is satisfied. 
Let us denote 

/W = /(r, «("),/?(")), 

For each n, let [0, r„] be the maximal interval such that 

|p^"^l<Po. (4) 

Let 

f = inf(r„). 

n 

We want to show f > (maybe cxd). If f = 0, without loss of generality, 
assume r„ — i> 0, as n ^ 00. Let 

s„ = logr„, /(")(r) = 1 + e2>(")(s),p(")(^) = e^V'^^Hs)- (5) 

Then cp^"' , t/j^"-' have uniform bounds in (— cxd,s„]. But by (^, we have 
''/'^"H'^n) ""^ +00, as ri — *• cxo, which is a contradiction. So f > 0. 

Now choose < f < 00 so that (^ is satisfied for r G [0, f] for all n. Then 
still by (0) we have that ?/'*^"^(s) -^ +cx3, as n — > 00, for all s G (— cxo, log(f)]. 
This contradiction implies that the lemma is proved. 
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8. Proof of the Theorem 

By Lemma 9 there is /5i > so that if a ^ Sj^_^ U S*^^ , (A) is satisfied. By 
Lemma 10 there is /32 > A > so that if a ^ S^^ U 5"^^ ? (B) is satisfied. 
For P G [/5i, /52], by Lemma 2,3, there are < ai < 0^2, so that if a G (0, ai], 
then a G S^ , and if a G [0:2, 00), then a G S*^. Define 

/= [ai,«2] X [/3i,/32]- (1) 

Let 

S^ = {(a,/?) G /| /' cross before / cross 0}, (2) 

S^ = {{a,P) G /| / cross before /' cross 0}. (3) 

We have seen that S' , S^ are open, nonempty and disjoint. 

By the topological lemma in [§ (McLeod and Serrin) , there is a continuum 
r connects (3 = [3i and /? = /?2- Define 

f]_ = {(a,/3) G r| (A) is satisfied}, (4) 

VL+ = {(«,/5) G r| (B) is satisfied}. (5) 

By the choice of Pi, P2, we see that r2_, Q+ are not empty and disjoint, and 
it's easy to show that fi_,i7+ are open in F. Thus there exists {a*, (3*) G 
F\(i7_Ui7+, such that (C) is satisfied. So f{r,a*,P*),p{r,a*,P*) is a solution 
to the boundary value problem, and satisfying the properties 

0</<l,/'<0, (6) 

0<p<po,P>0, (7) 

for < r < 00. 

Finally we need to show /' < 0, p' > 0. 

Suppose ri is a positive zero of /'. Then by eq. (1.10), there is 



fin) 



r 



3 



+ ^oVj/>0, 



which is a contradiction. So /' < 0. 

Now suppose r2 is a zero point of p'. Then because p' > 0, there is 
p"{f2) = 0. By eq. (1.11), we have 

P"'{r,) = 4 f ^ - 4V < 0' 
which is a contradiction. So the theorem is proved. 
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